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In this work, we study the thin-shell wormholes in dRGT massive gravity. In order to
joint two bulks of the spacetime geometry, we first derive junction conditions of the dRGT
spacetime. This results the dynamics of the spherical thin-shell wormholes in the dRGT
theory. We show that the massive graviton correction term of the dRGT theory in the
Einstein equation is represented in terms of the effective anisotropic pressure fluid. However,
if there is only this correction term, without invoking exotic fluids, we find that the thin-shell
wormholes can not be stabilized. We then examine the stability conditions of the wormholes
by introducing four existing models of the exotic fluids at the throat. In addition, we analyze
the energy conditions for the thin-shell wormholes in the dRGT massive gravity by checking
the null, weak, and strong conditions at the wormhole throat. We show that in general
the classical energy conditions are violated by introducing all existing models of the exotic
fluids. Moreover, we quantify the wormhole geometry by using the embedding diagrams to
represent a thin-shell wormhole in the dRGT massive gravity.
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2I. INTRODUCTION
General theory of relativity provides an elegant mathematical description of the spacetime
geometry and matter described by the energy-momentum tensor. One of the viable solutions to
Einsteins field equations provides a static and spherically symmetric black hole [1]. The recent
detection of gravitational waves (GWs) [2] demonstrated that stellar-mass black holes really exist
in Nature. Interestingly, Ludwing Flamm [3] realized in 1916 that Einsteins equations allowed
for another solution currently known as a white hole. However, in contrast to black holes, it was
believed that white holes eject matter and light from their event horizon. These two solutions
could represent two different regions in spacetime connected by a conduit. This conduit was
named later a bridge and in 1935, Einstein and Rosen used the theory of general relativity to
propose the existence of bridges through space-time [4]. Historically some decades later, Misner
and Wheeler first introduced the term wormhole in Ref.[5]. The paper came to focus of researchers
and caused new studies over structural characteristics of wormholes. However, the original version
of wormholes was later ruled out because they are not traversable. This means that its throat
opens and closes so quickly.
However, in order to prevent the wormholes throat from closing, one can add a scalar field
coupled to gravity. These new classes of solutions provide a more general class of wormholes firstly
proposed by Ellis [6] and independently by Bronnikov [7]. The main problem of wormholes is that
they are supported by exotic matter; a kind of matter which violates known energy conditions.
Some conditions introduced by Morris and Throne in 1988 for the wormholes to be traversable can
be found in Ref.[8]. These solutions are obtained by considering an unusual type of matter which
can maintain the structure of the wormhole. In addition, this exotic matter with negative energy
density satisfies the flare-out condition and violates weak energy condition [8, 9].
Alternative theories of gravity give opportunities for existence of traversable wormholes. In the
literature, many authors have intensively studied various aspects of traversable wormhole (TW)
geometries within different modified gravitational theories [10–26]. Some of these include f(R)
and f(T ) theories, see e.g., [27–30]. In addition, it turns out that the effect of phantom energy
can evoke a natural existence of traversable wormholes [31]. Moreover, the Einstein-dilaton-Gauss-
Bonnet gravity allows for a traversable wormhole solution studied by Ref.[32]. More recently, it is
proposed that Casimir energy is introduced as a potential source to generate a traversable wormhole
[33]. There have been some particular thin-shell wormholes constructed from black holes, see e,g,
[34–36].
3In the present work, we study the thin-shell wormholes in dRGT massive gravity. The study
of massive gravity has begun prior to the discovery of the accelerated expansion of the universe.
In 1939, Fierz and Pauli used a linear theory of massive gravity as a mass term of the graviton
[37]. Unfortunately, there are some flaws of the proposed model [38, 39] where the asymptotic-
massless limits of the linear theory do not satisfy the GR prediction. Later on, the author of
Ref.[40] suggested that the non-linear approach in the massive gravity theory might be able solve
the problem. However, it inevitably leads to a new problem called the Boulware-Deser (BD) ghost
[41]. However, in 2010, the BD ghost was completely eliminated by the new non-linear version of
massive gravity proposed by de Rham, Gabadadze, and Tolley (dRGT) [42]. Since then the dRGT
was targeted as one of the compelling scenarios when studying the universe in the cosmic scale.
Additionally, there have been many interesting articles regarding the applications of the dRGT
massive gravity to the exotic objects, e.g., black holes [45–47].
In this work, we study the thin-shell wormholes in dRGT massive gravity. We first take a short
review of the dRGT model of the nonlinear massive gravity in the Sec.II. In Sec.III, we consider
the mathematical setup in order to study the thin-shell wormhole. We study junction conditions
allowing to glue two identical dRGT spacetimes. In addition, we study stability analyses of the
dRGT thin-shell wormhole by considering four existing exotic fluid models in Sec,IV. We also
check the null, weak, and strong conditions at the wormhole throat for all models present in Sec.V.
Moreover, we quantify the wormhole geometry by using the embedding diagrams to represent a
thin-shell wormhole in the dRGT massive gravity in Sec.VI. Finally, we discuss our main results
and conclude our findings in the last section. In this work, we use the geometrical unit such that
G = 1.
II. A SHORT RECAP OF MASSIVE GRAVITY
In this section, we assume that the universe is undergoing an accelerating phase, according to
the modified massive gravity theory called dRGT model [42, 58]. The solutions of the model will
be derived shortly. We begin with the action representing the dRGT model on the manifold M
given by
S =
∫
M
d4x
√−g 1
16piG
(
R+m2gU(g, φa)
)
, (1)
where
√−g is the volume element in 4-dimensional manifold M and the potential U is defined by
U = U2 + α3U3 + α4U4 , (2)
4where U2, U3 and U4 are given by
U2 = [K]2 − [K2],
U3 = [K]3 − 3[K][K2] + 2[K3],
U4 = [K]4 − 6[K]2[K2] + 8[K][K3] + 3[K2]2 − 6[K4],
Kµν = δµν −
√
gµλFab∂λφa∂νφb. (3)
Here a bracket [ ] represents the trace of the tensor and Fab is the fiducial metric which is chosen
as
Fab =

0 0 0 0
0 0 0 0
0 0 k2 0
0 0 0 k2sin2θ
 , (4)
where k is a positive constant and the unitary gauge is used as
φa = xµδaµ . (5)
In addition, the parameters α3,4 are the parameters of the dRGT theory and we will relate these
parameters with the graviton mass in the latter.
Varying the gravitational action in Eq.(1) with respect to the metric, gµν , the Einstein equation
of the dRGT massive gravity is given by,
Gµν +m
2
gXµν = 0, (6)
where Xµν is defined by
Xµν =
1√−g
δ
√−gU
δgµν
= Kµν − α
[(K2)
µν
− [K]Kµν + 1
2
gµν
(
[K]2 − [K2])] (7)
+ 3β
[(K3)
µν
− [K](K2)
µν
+
1
2
Kµν
(
[K]2 − [K2])− 1
6
gµν
(
[K]3 − 3[K][K2] + 2[K3])] ,
where the parameters α and β are related to α3,4 from the action in Eq.(1) via
α = 1 + 3α3 , β = α3 + 4α4. (8)
In addition, one finds that the Einstein equation of the dRGT massive gravity is reduced to standard
GR in the mg → 0 limit. Having used the static spherical symmetric spacetime, we obtain the
5FIG. 1: A figure shows the behaviors of f(r) against r. For simplicity, we have used M = 1.0, G = 1.0, ζ =
0.0. We labelled lines with orange and purple colors for Λ = 0.0001, γ = 0.001 and Λ = 0.0001, γ = 0.00002,
respectively.
explicit form of the line element of the dRGT massive gravity which reads [42, 58]
ds2 = gµνdx
µdxν = −f(r)dt2 + dr
2
f(r)
+ r2dθ2 + r2sin2θdφ2, (9)
where the function f(r) can be written as
f(r) = 1− 2M
r
− Λr
2
3
+ γr + ζ, (10)
where M is the mass parameter, Λ is the effective cosmological constant, and γ and ζ are new
parameters and they are linear combinations of the parameters in the dRGT massive gravity via
the following relations,
Λ ≡ −3m2g(1 + α+ β), γ ≡ −m2gk(1 + 2α+ 3β), ζ ≡ m2gk2(α+ 3β). (11)
The behaviors of how a function f(r) depends on r is displayed in Fig.(1). According to the
Einstein equation of the dRGT massive gravity in Eq.(6), one might identify the m2gXµν term as
the effective energy-momentum tensor. By using the explicit form of the metric tensors in Eq.
(10), we directly compute components of the m2gXµν in Eq.(7). The components of the m
2
gX
µ
ν are
given by [59–61]
ρg(r) ≡ −
m2g
8piG
Xtt = −
m2g
8piG
(
3r − 2k
r
+
α(3r − k)(r − k)
r2
+
3β(r − k)2
r2
)
, (12)
p(r)g (r) ≡ −
m2g
8piG
Xrr =
m2g
8piG
(
3r − 2k
r
+
α(3r − k)(r − k)
r2
+
3β(r − k)2
r2
)
, (13)
p(θ,φ)g (r) ≡ −
m2g
8piG
Xθ,φθ,φ =
m2g
8piG
(
3r − k
r
+
α(3r − 2k)
r
+
3β(r − k)
r
)
. (14)
6With help of Eq.(11) the expressions of the k, α and β are re-written in terms of Λ, γ and ζ by
k =
γ +
√
γ2 + (m2g + Λ)ζ
m2g + Λ
,
α = −
γ2 + (2m2g + Λ)ζ − γ
√
γ2 + (m2g + Λ)ζ
m2gζ
,
β =
2Λ
3m2g
+
γ2 +m2gζ − γ
√
γ2 + (m2g + Λ)ζ
m2gζ
. (15)
In addition, we found that the parameters k, α and β are finite values in the ζ → 0 limit i.e.,
k =
2γ
m2g + Λ
, α = −3β = −3
2
− Λ
2m2g
.
In this limit, above relation gives a well define for tuning the positive value and the smallness
of the effective cosmological constant, Λ, with the observed values from the cosmological data.
More importantly, it has been shown that the effective energy-momentum tensor, Xµν exhibits
its behavior like anisotropic dark energy fluid i.e., p
(r)
g = −ρg see more detail discussions and
applications in Refs. [59–61].
We close this section with the inclusion of the matter fluid to the Einstein equation. By using
the standard method in GR, the Einstein equation with the (fluid) matter field of the dRGT
massive gravity is given by
Gµν = 8piGTµν , Tµν = T
(f)
µν + T
(g)
µν , (16)
T (f)µν = (σ + p)uµuν + pgµν ,
T (g)µν = −
m2g
8piG
Xµν =
(
ρg + p
(⊥)
g
)
uµuν + p
(⊥)
g gµν +
(
p(r)g − p(⊥)g
)
χµχν , (17)
where σ and p are the energy density and isotropic pressure of the fluid matter while the components
of the effective energy momentum tensor of the dRGT massive gravity
(
T
(g)
µν
)
have been displayed
in Eqs.(12, 13, 14). The uµ is timelike unit vector, the χµ is the spacelike unit vector orthogonal
to the uµ and the angular plane and p
(⊥)
g = p
(θ)
g = p
(φ)
g . The total energy momentum tensor might
re-write in the compact matrices as,
Tµν = T
(f), µ
ν + T
(g), µ
ν =

−σ − ρg 0 0 0
0 p+ p
(r)
g 0 0
0 0 p+ p
(⊥)
g 0
0 0 0 p+ p
(⊥)
g
 . (18)
7Moreover, the conservation of the total energy momentum tensor is hold as well as for the perfect
fluid and the massive graviton parts as,
∇µTµν = 0, ∇µT (f)µν = 0, ∇µT (g)µν = 0. (19)
III. THE THIN-SHELL WORMHOLES IN DRGT SPACETIMES
A. Junction conditions in dRGT theory
In this work, the wormhole helps joining two different dRGT spacetimes. It behaves like a surface
between two bulks and it is called thin-shell [62]. In order to join two different manifolds, we will
construct a thin-shell wormhole of the dRGT massive gravity following the standard approach
proposed in Refs.[63, 65, 68]. Consider two distinct spacetime manifolds, M+ and M−, with
metrics given by g+µν(x
µ
+) and g
−
µν(x
µ
−), in terms of independently defined coordinate systems x
µ
+ and
xµ−. The manifolds are bounded by hypersurfaces Σ+ and Σ−, respectively, with induced metrics
h+ab and h
−
ab. Regarding the Darmois-Israel formalism, the coordinates on M can be choosen as
xµ = (t, r, θ, φ), while for the coordinates on the induced metric Σ, we write ya = (τ, θ, φ) being the
intrinsic coordinates. Note that the hypersurfaces are isometric, i.e., h+ab(y
a) = h−ab(y
a) = hab(y
a).
A single manifold M is obtained by gluing together M+ and M− at their boundaries, i.e., M =
M+ ∪M−, with the natural identification of the boundaries Σ+ = Σ− = Σ.
We describe the two different manifolds as follows [63, 65]:
M± = {xµ± | t± ≥ T±(τ) and r ≥ a(τ)}, (20)
where the plus (minus) sign means the upper (the lower) spacetime. The line elements of the
manifolds are given by
ds2± = g
±
µνdx
µdxν = −f±(r)dt2 + dr
2
f±(r)
+ r2dθ2 + r2sin2θdφ2. (21)
Both different manifolds are linked by the (co-moving) thin-shell and the hypersurface Σ is
parametrized by [63, 65–67]
Σ = {ya | t± = T±(τ) and r = a(τ)}. (22)
Thus the line element of the thin-shell reads
ds2Σ = gαβdx
αdxβ = gαβ
(
∂xα
∂ya
dya
)(
∂xβ
∂yb
dyb
)
= habdy
adyb
= −dτ2 + a2(τ)dΩ2, dΩ2 = dθ2 + sin2θdφ2, (23)
8where ya = ya(xµ) is a coordinate on the hypersurface Σ and hab is called the induced metric or
the first fundamental form on the hypersurface Σ, [63, 65, 66]
hab ≡ gαβeαaeβb . (24)
It is worth mentioning here that the throat must satisfy the Israel junction conditions and these
provide the following coordinate choice
−f±(a)T˙ 2± +
a˙2
f±(a)
= 1, ∀τ, (25)
where dots denote derivatives respect to a conformal time, i.e., “ ˙ ≡ d/dτ ”. The induced metric
is a tangent component of gαβ on the hypersurface Σ. Then, the normal vector component nα of
the metric tensor on the hypersurface is defined as follows [63, 65, 66]:
nα ≡ F (r, a(τ)),α|F (r, a(τ)),βF (r, a(τ)),β|1/2
, (26)
where F (r, a(τ)) ≡ r − a(τ) = 0 is the hypersurface function and a(τ) is the throat radius of the
thin-shell wormhole. Note that the Greek indices (xα, xβ, . . . ) are the coordinates on Manifold M±
while the Latin indices (xa, xb, . . . ) are the coordinates on the hypersurface Σ. The metric tensor
on the hypersurface can be split into two parts [63, 65, 66] as
gab = hab + nanb, (27)
where  represent the types of thin-shell with  = −1, 0,+1 being the space-like, null-like and
time-like, respectively.
In the next step, we are going to derive the junction conditions on the hypersurface between
the boundaries of two different manifolds (∂M). It is well known that in order to connect two
manifolds one needs to add the action of the boundary terms or the Gibbons-Hawkings terms into
the total action. Then the total gravitational action of the dRGT massive gravity with the matter
fields is given by [68, 69]
Stotal =
∫
M+
d4x
√
−g+
(
1
16piG
(
R+ +m2gU(g+, φa)
)
+ L+matter
)
+
1
8piG
∫
∂M+
d3y
√
−h+K+
+
∫
M−
d4x
√
−g−
(
1
16piG
(
R− +m2gU(g−, φa)
)
+ L−matter
)
+
1
8piG
∫
∂M−
d3y
√
−h−K−
+
∫
Σ
d3y
√−hLΣmatter (28)
9where
√−h is the volume element on the 3-dimensional hypersurface and K is the trace of the
extrinsic curvature Kab on the thin-shell with K ≡ Kaa = habKba. Here the LΣmatter = LΣf + LΣg is
composed of the two types of fluids (perfect fluid, LΣf and massive gravity fluid, LΣf ) which are
localized on the hypersurface. The extrinsic curvature can be calculated via the following equation
Kab = −nα
[
d2xα
dyadyb
+ Γαβγ
dxβ
dya
dxγ
dyb
]
. (29)
More importantly, it is worth to discuss about the dRGT massive gravity and the matter field on
the hypersurface. Let us first discuss about the Lagrangian matter on the hypersurface, LΣmatter.
It has been proven and demonstrated in Refs.[68, 69] for the scalar field matter case that the
Lagrangian of the matter field on the hypersurface has the same form of the Lagrangian in the
bulk but the metric tensor gµν in the bulk is replaced by the induced metric on the hypersurface,
hab . In the following, we will apply the variational principle to the total gravitational action in
Eq.(28) to obtain the equation of motion for our study. Varying the total action, one finds,
δS =
∫
M+
d4x
√
−g+
(
1
16piG
(
G+αβ +m
2
gX
+
αβ
)
+ T
(f) ,+
αβ
)
δgαβ+
+
∫
∂M+
d3y
√
−h+ 1
8piG
(
K+ab − h+abK+
)
δhab+
+
∫
M−
d4x
√−g
(
1
16piG
(
G−αβ +m
2
gX
−
αβ
)
+ T
(f) ,−
αβ
)
δgαβ−
+
∫
∂M−
d3y
√
−h− 1
8piG
(
K−ab − h−abK−
)
δhab−
+
∫
Σ
d3y
√−h (−1)(tab + Yab)δhab . (30)
Using the definition of the energy momentum tensor of the fluid on the thin-shell, tab takes the form
tab = −
1√−h
δ
δhba
(√−hLΣf ) = (σ + p)uaub + phab . (31)
For the massive gravity fluid, the Y ab tensor is written by
Y ab = −
1√−h
δ
δhba
(√−hLΣg ) = (ρg + p(⊥)g )uaub + p(⊥)g hab . (32)
In order to find the equation of motion on the thin-shell wormhole, we consider the variation of
the action on the boundaries ∂M± and hypersurface Σ with respect to (w.r.t.) the induced metric
hab. After performing the variation, we find
δStotal
δhab
=
∫
∂M+
d3y
√
−h+ 1
8piG
(
K+cd − h+cdK+
)δhcd+
δhab
+
∫
∂M−
d3y
√
−h− 1
8piG
(
K−cd − h−cdK−
)δhcd−
δhab
−
∫
Σ
d3y
√−h (tab + Yab). (33)
10
The normal vector na of the hypersurface points from M− to M+. Then we can choose na− =
na = −na+ in which the extrinsic curvature on each side is related via [68, 69]
K+ab(n
a
+) = −K+ab(na), (34)
and
K−ab(n
a
−) = K
−
ab(n
a). (35)
Moreover, the induced metric hab are the same on both sides of the boundaries, i.e., h
+
ab = hab = h
−
ab.
By varying the total action on the hypersurface w.r.t. the induced metric, we finally obtain
δStotal
δhab
=
∫
Σ
d3y
√−h 1
8piG
(
hab∆K −∆Kab − 8piG
(
tab + Yab
) )
= 0, (36)
where the notation ∆A ≡ A+ − A− means the difference of the values between boundaries of the
manifoldM+ and manifoldM−, respectively. Finally, the equation of motion on the thin-shell at
the boundaries takes form
hab∆K −∆Kab = 8piGSab , (37)
where the new effective energy momentum tensor Sab on the thin-shell is defined by,
Sab ≡ = tab + Y ab . (38)
Furthermore, it is very convenient to represent the Sab tensor in the matrix form
Sab ≡

−ρeff. 0 0
0 Peff. 0
0 0 Peff.
 =

−σ − ρg 0 0
0 p+ p
(⊥)
g 0
0 0 p+ p
(⊥)
g
 , (39)
where the explicit forms of the ρg and p
(⊥)
g = p
(θ,φ)
g are given in Eqs.(12,14). We will see in the
latter that the equation of motion of the dRGT massive gravity wormholes takes very simple form
like the standard GR case with two types of fluids.
B. The thin-shell wormhole dynamics in dRGT spacetimes
In this subsection, we consider the two different spacetimes where the thin-shell wormhole
connects them together. Thus, the stability of the wormhole can be described by the dynamic
of the throat of the wormhole a(τ) at thin-shell. The junction condition of the thin-shell plays
11
crucial role for describing the wormhole dynamics. Before moving forward to calculate all relevant
quantities in the junction condition, we shall summarize some conditions for the thin-shell wormhole
spacetime. The first condition is the continuity of the metric tensor condition on thin-shell. This
means that the metric tensor of both manifolds are continuous at the throat [65, 66]
g+µν = g
−
µν . (40)
With this condition, the geodesic of particle traveling between two manifolds exists. The second
condition is the positiveness condition of metric tensor on thin-shell, i.e., the element of metric
tensor must be positive [65, 66]
g±µν > 0. (41)
This also implies that we are interested in the range of r satisfying this condition, f±(r) > 0.
We next consider the relation between the thin-shell wormhole on the hypersurface Σ and the
spacetime on manifold M±. By matching terms between the metric of the dRGT universe (bulk)
and the metric on the thin-shell (hypersurface). Looking at the parameterization of the coordinate
on the hypersurface in Eq.(22), we find
− dτ2 = −f±(a)dT 2± +
da2
f±(a)
, (42)
and
a2dΩ2 = r2dΩ2; dΩ2 = dθ2 + sindφ2. (43)
The relation between T and τ is given by
T˙± =
1
f±(a)
√
f±(a) + a˙2, (44)
where a dot denotes derivative with respect to the proper time, τ , and
T¨± = − f˙±
f2±
√
f± + a˙2 +
2a˙a¨+ f˙±
2f±
√
f± + a˙2
, (45)
where f˙ = dfdτ =
df(a)
da
da
dτ = f
′(a) a˙ and a prime denotes the first derivative with respect to a. Now
we are ready to compute the non-vanished components of the extrinsic curvature of the wormhole
in dRGT massive gravity. Having used the line element in Eq.(23), one obtains non-vanished
components of Kab as
Kτ±τ = ±
1√
f± + a˙2
(
a¨+
f ′±
2
)
, (46)
Kθ±θ = K
φ±
φ = ±
1
a
(√
f± + a˙2
)
, (47)
12
We note that the extrinsic curvature is a diagonal matrix. It is worth mentioning about the
parameters in the dRGT massive gravity. By using the observational constraints on the dRGT
theory, we find
ζ = 0, ⇒ α = −3β = −3
2
− Λ
2m2g
, k =
2γ
m2g + Λ
. (48)
By using Eqs.(12,14) with r = a at the boundaries ∂M±, the components of the effective energy
momentum tensor, Sab , in Eq.(39) are given by the following explicit expressions,
Sττ = −ρeff. = −σ − ρg(a)
= −σ + 1
8piG
(
2γ
a
− Λ
)
,
Sθθ = S
φ
φ = Peff. = p+ p
(⊥)
g (a)
= p+
1
8piG
(γ
a
− Λ
)
. (49)
According to the ζ = 0 constraint, we remarkably found that there is only one free parameter of
the dRGT massive gravity since the graviton mass, mg and the cosmological constant, Λ can be
fixed by using the observed values of those two quantities.
In this work, we employ the Z2 symmetry between two metric tensors of the manifolds. This
means that f+(a) = f−(a) = f(a). The (ττ) component of the junction condition of the thin-shell
wormhole in Eq.(37) reads
2
a
(√
f + a˙2
)
= −8piGσ +
(
2γ
a
− Λ
)
. (50)
On the other hand, the angular component of Eq.(37) is given by
1√
f + a˙2
(
2a¨+ f ′
)
= 8piGp+
(γ
a
− Λ
)
. (51)
In addition, the continuity of the perfect fluid matter gives the relation between the energy density
and pressure on the thin-shell wormhole as
d
dτ
(
aσ
)
+ p
da
dτ
= 0. (52)
It is also written in terms of the first order derivative of σ with respect to a as
dσ
da
= −
(
σ + p
a
)
. (53)
The second order derivative of σ with respect to a yields
d2σ
da2
=
σ + p
a2
(
2 +
dp
dρ
)
, (54)
where p = p(σ). Above equations will be useful for investigating the stability of the wormhole with
several types of the perfect fluid matters. We study their effects on particular models in the next
section.
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IV. STABILITY ANALYSIS OF THE DRGT THIN-SHELL WORMHOLE
The stability of the wormhole can be quantified by the study of the effective potential of the
wormhole dynamics. The equation of motion for determining the stability of the throat a(τ) is
directly derived from Eq.(50) to obtain
1
2
a˙2 + V (a) = 0, (55)
where the effective potential V (a) is written by
V (a) =
1
2
f(a)− a
2
8
[
8piGσ −
(
2γ
a
− Λ
)]2
. (56)
This single dynamical equation (55) completely determines the motion of the wormhole throat.
Notice that if we consider only the massive gravity correction term, m2gU , without invoking exotic
fluids, i.e., σ = 0 = p, the potential (56) becomes
V (a) =
1
2
f(a)− a
2
8
[
2γ
a
− Λ
]2
. (57)
In this situation, we find that V ′′(a0) < 0 meaning that it is not possible to obtain stable wormholes
if Λ > 0. We assume that the throat of the thin-shell wormhole is static at a = a0 and satisfies the
relation
f(a0) > 0, (58)
in order to avoid the event horizon rEH from the wormhole, f(rEH) = 0. In order to analyze the
stability of the throat, we employ a small perturbation to the potential and are able to determine
whether the throat is stable or not. Here the usual Taylor series expansion is applied to the
potential V (a) around the static radius a0 as follows:
V (a) = V (a0) + V
′(a0)(a− a0) + 1
2
V ′′(a0)(a− a0)2 +O((a− a0)3). (59)
When evaluating at the static solution a = a0, we obtain the expected result V (a0) = 0 and
V ′(a0) = 0 if a0 is the static radius. Then, the Eq. (59) reduces to
V (a) =
1
2
V ′′(a0)(a− a0)2 +O((a− a0)3). (60)
Therefore, the equation of motion for the wormhole throat approximately takes the form
a˙2 +
1
2
V ′′(a0)(a− a0)2 = 0. (61)
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Using Eq.(56) with the help of Eq. (53) and Eq. (54), we find
V ′′(a0) =
1
2
f ′′(a0) +
dp
dσ
(
− 2G(p+ σ)piΛ− 16G2pi2σ(p+ σ) + 4Gpiγ(p+ σ)
a
)
− 16G2p2pi2 + 4GppiΛ− 1
4
Λ2. (62)
Thus, the wormhole is stable if and only if V ′′(a0) > 0 where the motion of the throat is oscillatory
with angular frequency ω =
√
V ′′(a0)/2. Note that V (a0) has a local minimum at a0. To carry
out the analysis, we can quantify which conditions we obtain stable wormholes. In our case, we
find that these parameters need to satisfy
0 <
1
2
f ′′(a0) +
dp
dσ
(
− 2G(p+ σ)piΛ− 16G2pi2σ(p+ σ) + 4Gpiγ(p+ σ)
a
)
− 16G2p2pi2 + 4GppiΛ− 1
4
Λ2. (63)
Next we employ four fluid models for studying the stability of the dRGT wormhole: (1) a linear
model, (2) a Chaplygin gas model, (3) a generalized Chaplygin gas model and (4) a logarithm
model. It has been shown in the previous section that we have only one free parameter (γ) in the
dRGT theory by using ζ = 0. The remained parameters in this work in the natural unit are given
by
G = 6.72× 10−57 eV−2, mg = 1.22× 10−22 eV, Λ = 4.33× 10−66 eV2, (64)
where the gravitational constant G, the cosmological constant, Λ are taken from review of particle
physics [70] and the graviton mass is the upper bound values from the LIGO-VIRGO gravitationa
wave observations [2]. Moreover, the free parameter, γ of the dRGT massive gravity, has been
fixed by fitting rotational curves of the galaxies in several data [61] and we will use this value for
the following study. The γ parameter and the thin-shell wormhole mass read
γ = 6.05× 10−34 eV, M = 3.36× 1066 eV, (65)
where we have assumed that M is roughly equal to the lower bound mass of black hole which is
three times of the solar mass. Using the above numerical values, we can estimate the event horizon
and the cosmological horizon via Eq.(10) by setting f(r) = 0.
However, it is much more convenient to use the dimensionless values of physical parameters
given below:
Λ = 0.0001, γ = 0.001, M = 1. (66)
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Note that one can easily change the units from this dimensionless parameters to the others, e.g.
SI units or Natural units, and vice versa. Now we consider the energy density given in Eq. (50)
and write for a static case at the throat as:
σ =
1
8piG
(
2γ
a
− Λ
)
− 2
8piGa
√
f. (67)
Here we can solve the above equation to write σ in terms of a when substituting a function f(a). It
was found that the stability of transparent spherically symmetric thin shells to linearized spherically
symmetric perturbations about static equilibrium has been examined Ref.[64].
A. Linear model
We begin our stability analyses by considering the pressure which is proportional the energy
density [65]:
p(σ) = 0σ. (68)
It is easy to show that
dp
dσ
= 0. (69)
Notice that the change in the pressure on the energy density is a constant. Moreover, the throat of
the traversable wormhole basically locates between the event horizon and the cosmological horizon.
After substituting the above results into the stability condition (63), we find
0 <
1
2
f ′′(a0) − 1
4
(
Λ2 + 8pi(0 − 1)0Λσ + 64pi20(1 + 20)σ2
)
+
4piγ0(0 + 1)
a
. (70)
In order to visualize the stability region of the model, we plot the stability contour in terms of 0
and a0. Our result is illustrated in Fig.2 for the linear model. We notice that in order to satisfy
the stability condition (63) the constant 0 has negative values in the throat radius a0.
B. Chaplygin gas model
We next consider the Chaplygin gas model for the exotic matter. The pressure is already given
in Ref.[65]:
p(σ) = −0
(
1
σ
− 1
σ0
)
. (71)
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FIG. 2: The plot shows the stable region of the linear model p(σ) = 0σ. The contour shows that the
constant 0 has negative values in the throat.
It is trivial to show that
dp
dσ
=
0
σ20
, (72)
where σ0 is a constant. After substituting the above results into the stability condition (63), we
find in this case
0 <
1
2
f ′′(a0) +
1
4aσ3σ20
(
16piγ0σ0(0(σ − σ0) + σ2σ0)− a
(
Λ2σ3σ20
+ 64pi20σ
2(0(σ − σ0) + σσ20) + 8pi0Λσ0(0(σ − σ0) + σ2(3σ0 − 2σ))
))
. (73)
(74)
Here we plot the stability contour in terms of 0 and a0 for this model. The result is illustrated
in Fig.3. The stable region for this case is represented in Fig.3. We notice that in order to satisfy
the stability condition (63) 0 can have both negative values and positive ones in the throat with
radius a0.
C. Generalized Chaplygin gas model
In addition, the Chaplygin gas model given in the previous subsection can be generalized where
the relation between p(σ) and σ takes the form [65]
p(σ) =
(
σ0
σ
)0
, (75)
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FIG. 3: The plot shows the stable region of the Chaplygin gas model p(σ) = −0( 1σ − 1σ0 ). The result shows
that 0 can have both negative values and positive ones in the throat with radius a0.
and
dp
dσ
= −0 σ
0
0
σ0+1
. (76)
After substituting the above results into the stability condition (63), we find in this case
0 <
1
2
f ′′(a0) +
1
4a
σ−1−0
(
− 64api2
(
σ200
σ0−1
)
+ 8pi
(
σ0
σ
)0
(−2aΛσ1+0 + 0((−2γ + aΛ)
+ 8apiσ)σ00 ) + σ
(
− 8pi0((−2γ + aΛ) + 8apiσ)σ00
))
− 1
4
Λ2. (77)
Here we display the stability contour in terms of 0 and a0 illustrated in Fig.4. The stable region
for this case is represented in Fig.4 for the generalized Chaplygin gas model. We find that in order
FIG. 4: The plot shows the stable region of the generalized Chaplygin gas model p(σ) = (σ0σ )
0 . The result
shows that 0 has positive values in the throat with a0.
to satisfy the stability condition (63) 0 has positive values in the throat with radius a0.
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D. Logarithm model
We provide the last example in which the pressure p(σ) and the energy density σ are related
via [65]
p(σ) = 0log
(
σ
σ0
)
, (78)
and
dp
dσ
=
0
σ
. (79)
After substituting the above results into the stability condition (63), we find in this particular case
0 <
1
2
f ′′(a0) +
4piγ0
(
σ + 0log
(
σ
σ0
))
σa
− Λ
2 + 8piΛ
(
0 + 0(
0
σ − 2)log
(
σ
σ0
))
4a
−
64pi20
(
σ + 0log
(
σ
σ0
)(
1 + log
(
σ
σ0
)))
4a
. (80)
Here we display the stability contour in terms of 0 and a0 illustrated in Fig.5. The stable region
for this case is represented in Fig.5 for the logarithm model model. We observe that in order to
FIG. 5: The plot shows the stable region of the linear model p(σ) = 0log(
σ
σ0
). The result shows that 0 can
have both negative values and positive ones in the throat with radius a0.
satisfy the stability condition (63) 0 can have both negative values and positive ones in the throat
with radius ao.
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V. ENERGY CONDITIONS
In this section, we shall analyze the energy conditions for the thin-shell wormholes in the dRGT
massive gravity. We check the null, weak, and strong conditions at the wormhole throat for all
existing models present in the previous section.
I. Null energy condition is expressed in terms of energy density and pressure as follows:
ρeff. + Peff. ≥ 0, (81)
which yields
ρeff. + Peff. = σ − 1
8piG
(
2γ
a
− Λ
)
+ p+
1
8piG
(γ
a
− Λ
)
= σ + p− 1
8piG
γ
a
≥ 0. (82)
II. Weak energy condition is given by
ρeff. ≥ 0, ρeff. + Peff. ≥ 0, (83)
which gives the following result for the thin-shell wormholes in the dRGT massive gravity
ρeff. = σ − 1
8piG
(
2γ
a
− Λ
)
≥ 0, (84)
III. Strong energy condition is governed by
ρeff. + 3Peff. ≥ 0, ρeff. + Peff. ≥ 0, (85)
which gives the following result for the thin-shell wormholes in the dRGT massive gravity
ρeff. + 3Peff. = σ − 1
8piG
(
2γ
a
− Λ
)
+ 3p+
3
8piG
(γ
a
− Λ
)
= σ + 3p+
1
8piG
(γ
a
− 2Λ
)
≥ 0. (86)
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A. Linear model
When substituting the pressure and the energy density of this model into Eq. (82), Eq. (84)
and Eq. (86), we find
ρeff. + Peff. =
((1 + 20)γ − a(1 + 0)Λ)− 2(1 + 0)
√
f(a)
8piGa
≥ 0, (87)
ρeff. = −
√
f(a)
4piGa
≥ 0, (88)
ρeff. + 3Peff. =
3((1 + 20)γ − a(1 + 0)Λ)− 2(1 + 0)
√
f(a)
8piGa
≥ 0. (89)
In order to analyse the energy conditions, we will choose the values of 0 in the stable regions
FIG. 6: The plots show the variation of ρeff. + Peff., ρeff. and ρeff. + 3Peff. as a function of a of the linear
model with p(σ) = 0σ.
shown in Fig.2 and then verify the energy conditions. Fig.6 shows the variation of ρeff. +Peff., ρeff.
and ρeff. + 3Peff. as a function of a in the linear model p(σ) = 0σ. We observe that all energy
conditions are violated in this model.
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B. Chaplygin gas model
We substitute the pressure and the energy density of this model into Eq. (82), Eq. (84) and
Eq. (86) and then we obtain
ρeff. + Peff. =
1
8
(
(γ − aΛ)
piGa
− 80((−2γ + aΛ) + 8aGpiσ0 + 2
√
f(a))
σ0((2γ − aΛ)− 2
√
f(a))
− 2
√
f(a)
aGpi
)
≥ 0,
ρeff. = −
√
f(a)
4piGa
≥ 0, (90)
ρeff. + 3Peff. =
1
8
(
3(γ − aΛ)
piGa
− 240((−2γ + aΛ) + 8aGpiσ0 + 2
√
f(a))
σ0((2γ − aΛ)− 2
√
f(a))
− 2
√
f(a)
aGpi
)
≥ 0.
(91)
In order to quantify the energy conditions, we will choose the values of 0 in the stable regions
FIG. 7: The plots show the variation of ρeff.+Peff., ρeff. and ρeff.+ 3Peff. as a function of a of the Chaplygin
gas model with p(σ) = −0( 1σ − 1σ0 ).
shown in Fig.3 and then examine the energy conditions. Fig.7 shows the variation of ρeff.+Peff., ρeff.
and ρeff. + 3Peff. as a function of a in the linear model p(σ) = −0( 1σ − 1σ0 ). We observe that all
energy conditions are violated for a < 100 in this model.
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C. Generalized Chaplygin gas model
When substituting the pressure and the energy density of this model into Eq. (82), Eq. (84)
and Eq. (86), we find
ρeff. + Peff. =
1
8piGa
(
(γ − aΛ)− 2
√
f(a)
− Ga(8pi)1+0
(
− Gaσ0
(−2γ + aΛ) + 2√f(a)
)0)
≥ 0, (92)
ρeff. = −
√
f(a)
4piGa
≥ 0, (93)
ρeff. + 3Peff. =
1
8piGa
(
3(γ − 3aΛ)− 2
√
f(a)
− 3Ga(8pi)1+0
(
− Gaσ0
(−2γ + aΛ) + 2√f(a)
)0)
≥ 0. (94)
We here quantify the energy conditions by choosing the values of 0 in the stable regions shown
FIG. 8: The plots show the variation of ρeff.+Peff., ρeff. and ρeff.+3Peff. as a function of a of the generalized
Chaplygin gas model with p(σ) = (σ0σ )
0 .
in Fig.4 and then examine the energy conditions. Fig.8 shows the variation of ρeff. +Peff., ρeff. and
ρeff. + 3Peff. as a function of a in the generalized Chaplygin gas model p(σ) = (
σ0
σ )
0 . We observe
that all energy conditions are violated for positive values of 0.
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D. Logarithm model
We substitute the pressure and the energy density of this model into Eq. (82), Eq. (84) and
Eq. (86) and then we obtain
ρeff. + Peff. =
(γ − aΛ)− 2√f(a)
8piGa
+ 0log
(
(2γ − aΛ)− 2√f(a)
8piGaσ0
)
≥ 0, (95)
ρeff. = −
√
f(a)
4piGa
≥ 0, (96)
ρeff. + 3Peff. =
3(γ − aΛ)− 2√f(a)
8piGa
+ 30log
(
(2γ − aΛ)− 2√f(a)
8piGaσ0
)
≥ 0. (97)
We here quantify the energy conditions by choosing the values of 0 in the stable regions shown
FIG. 9: The plots show the variation of ρeff. +Peff., ρeff. and ρeff. + 3Peff. as a function of a of the log model
with p(σ) = 0log(
σ
σ0
).
in Fig.5 and then examine the energy conditions. Fig.9 shows the variation of ρeff. +Peff., ρeff. and
ρeff. + 3Peff. as a function of a in the ogarithm model p(σ) = 0log(
σ
σ0
). We observe that all energy
conditions are violated for positive values of 0 with a > 100.
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VI. EMBEDDING DIAGRAM
In this section, we construct the wormhole geometry via the embedding diagrams to represent
a thin-shell wormhole in the dRGT massive gravity and extract some useful information by con-
sidering an equatorial slice, θ = pi/2 and a fixed moment of time, t = const. . Therefore the metric
reduces to
ds2 =
dr2
f(r)
+ r2dφ2. (98)
where
f(r) = 1− 2M
r
− Λr
2
3
+ γr + ζ. (99)
Next we embed the metric from Eq.(99) into three-dimensional Euclidean space to visualize this
slice and hence the spacetime can be written in cylindrical coordinates as
ds2 = dz2 + dr2 + r2dφ2 =
(
1 +
(dz
dr
)2)
dr2 + r2dφ2. (100)
Comparing Eq.(98) with Eq.(100) generates the expression for the embedding surface which is
given by
dz
dr
= ±
√
1− f(r)
f(r)
. (101)
where f(r) is given in Eq.(99). However, the integration of the above expression can not be solved
analytically. Performing an numerical technique allows us to illustrate the wormhole shape given
in Fig.10.
VII. DISCUSSIONS AND CONCLUSIONS
In this work, we have studied the thin-shell wormholes in dRGT massive gravity. In order to
construct the thin-shell wormhole, two bulks of the spacetime geometry are glued together via
the cut-and-paste procedure [71]. Moreover, the junction conditions of dRGT spacetime are also
derived in this work. The massive graviton correction term of the dRGT theory, m2gU(g, φ2), in
the Einstein equation is represented in terms of effective anisotropic pressure fluid. However if
there is only this correction term, without invoking exotic fluids, we have found that the thin-shell
wormholes can not be stabilized. We have also quantified the dynamics of the spherical thin-shell
wormholes in the dRGT theory. We then examined the stability conditions of the wormholes by
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FIG. 10: The figure shows the wormhole shape obtained via the embedding diagrams in 3d asymptotic flat
spacetime. We use M = 1,Λ = 0.0001, γ = 0.001 and set ζ = 0.
introducing four existing models of the exotic fluids at the throat. In addition, we analyzed the
energy conditions for the thin-shell wormholes in the dRGT massive gravity by checking the null,
weak, and strong conditions at the wormhole throat.
We have quantified the energy conditions of the four models by choosing the values of 0 in the
stable regions shown in Sec.IV. We have shown the variation of ρeff. + Peff., ρeff. and ρeff. + 3Peff.
as a function of a in all models: (1) a linear model p(σ) = (σ0σ )
0 , (2) a Chaplygin gas model
p(σ) = −0( 1σ − 1σ0 ), (3) a generalized Chaplygin gas model p(σ) = (σ0σ )0 and (4) a logarithm
model p(σ) = 0log(
σ
σ0
). Using the values of 0 in the stable regions, we have observed that that in
general the classical energy conditions are violated by introducing all existing models of the exotic
fluids. Moreover, we have quantified the wormhole geometry by using the embedding diagram to
represent a thin-shell wormhole in the dRGT massive gravity.
However, there are some limitations in the present work - for example, the construction of
the shadow cast by the thin-shell wormhole in the dRGT massive gravity is worth investigating.
Regarding this, we can evaluate the test particle geodesics and determine the trajectories of photons
around the wormhole. This can be straightforwardly done by following the work studied in Refs.[16,
21, 72]. Additionally, we can elaborate our work by studying the gravitational lensing effect in the
spacetime of the wormhole metric (10). This allows us to determine the deflection angle of the
photon due to the presence of the wormhole in the dRGT massive gravity. It is worth mentioning
that gravitational lensing and particle motions around non-asymptotically flat black hole spacetime
26
in dRGT massive gravity have been done in Ref.[73].
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